1. The general solution to the associated homogeneous equation is y;(r) = ke *. For a particular
solution of the nonhomogeneous equation, we guess a solution of the form v, (r) = ae™'. Then
—2 4 4yp = —ae" +dae”’
= 3ae™".

Consequently, we must have 3a = 9 for y,(7) to be a solution. Hence, @ = 3, and the general
solution to the nonhomogeneous equation is

v(t) = ke ™ 43¢,

3. The general solution to the associated homogeneous equation is v (1) = ke~ . For a particular so-

lution of the nonhomogeneous equation, we guess a solution of the form y,(f) = acos 2r 4 fsin2r.
Then

% + 3yp = —2asin 2t + 2B cos 2t + (3a cos 21 + 3B sin21)
= (B3a +2B)cos2t + (38 — 2a) sin 2t
Consequently, we must have
(Ba +2B)cos2t + (38 — 2a) sin2t = 4cos 2t

for y, (1) to be a solution. We must solve
Ja+28=4
3 —2a=0.
Hence,a = 12/13 and B = 8/13. The general solution is

(1) = Fe—3 1 12 s 4 B o
¥(t) =ke ™ 4 {5c0s2f + 33 sm .

5. The general solution to the associated homogeneous equation is y;(r) = ke . For a particular so-

lution of the nonhomogeneous equation, we guess y, (1) = ate> rather than ae> because ae™ is a

solution of the homogeneous equation. Then

dv
—£ 3yp = ae + 3are’ — 3are™
dr
= ae’l.
Consequently, we must have @ = —4 for y,(7) to be a solution. Hence, the general solution to the

nonhomogeneous equation is
() = ke — Are’.
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9. The general solution of the associated homogeneous equation is v (7) = ke~. For a particular solu-
tion of the nonhomogeneous equation, we guess a solution of the form y,(7) = acos2r 4 Bsin2r.
Then

d.-
% + yp = —2asin 21 + 2 cos 21 + & cos 2t + P sin 2t

= (¢ + 2B)cos 2t + (—2a + B) sin2z.
Consequently, we must have
(e +2B)cos 2t + (—2a + B) sin2t = cos 2t
for y, (1) to be a solution. We must solve
a+28=1
—2a+ p=0.
Hence,a = 1/5 and 8 = 2/5. The general solution to the differential equation is
v(t) =ke ' 4+ %00521 + % sin 27.

To find the solution of the given initial-value problem, we evaluate the general solution at r = 0
and obtain
y(0) =k + 1.

Since the mitial condition 1s y(0) = 5, we see that £ = 24/5. The desired solution is

v(t) = 2—543_: + %cos 2t + % sin 2.

11. The general solution to the associated homogeneous equation is v () = ke . For a particular so-
lution of the nonhomogeneous equation, we guess y,(1) = ate® rather than ae® because ae? is a

solution of the homogeneous equation. Then

rf}-'p
dr

—2yp = we® 4 2are® — 2are”

= Ctezt.

Consequently, we must have @ = 7 for y,(¢) to be a solution. Hence, the general solution to the
nonhomogeneous equation is

v(r) = ke® + Tre*.

Note that v(0) = & = 3, so the solution to the initial-value problem is

v(t) = 3e2 + Tte* = (3 +T)e”.
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17. (a) We compute
dy1

=Ty - i)’
to see that y1(r) is a solution.
(b) We compute
22 ) T # (e
to see that y»(r) is not a solution.
2 2

(¢) The equation dy/dt = v~ is not linear. It contains y~.

20.If yp(r) = at® + bt + ¢, then

d‘ .
%Jrzyp =2ar + b+ 2ar* + 2b + 2c
= 2at> + (2a + 2b)t + (b + 2¢).

Then y,(z) 1s a solution if this quadratic is equal to 3t2 4+ 2t — 1. In other words, ¥p(t) 1s a solution
if

2a=3
2a+2b=2
b+2c=-1.
From the first equation, we have @ = 3/2. Then from the second equation, we have b = —1/2.

Finally, from the third equation, we have ¢ = —1/4. The function

, — 3.2 1 1
Vp(t) = 51" — 5t — 3

N

is a solution of the differential equation.
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21. To find the general solution, we use the technique suggested in Exercise 19. We calculate two partic-
ular solutions — one for the right-hand side 7> + 2¢ + 1 and one for the right-hand side e*.
With the right-hand side > + 27 + 1, we guess a solution of the form

¥p, (1) = at® 4+ bt +c.
Then
—E£L 4 2y, =2ar +b+42(ar’ + bt +c)
= 2ar®> + (2a + 2b)t + (b + 2¢).

Then yj, is a solution if

2a=1
2a+2b=2
b+2c=1.

Wegeta=1/2.b=1/2,andc = 1/4.
With the right-hand side ¢* , we guess a solution of the form

44
Vp, (1) = ae™.

Then J
-“" s
-2 4 2yp, = Age* + 2ae* = 6ae™,
dr :

and y,, 1s a solution if @ = 1/6.
The general solution of the associated homogeneous equation is v,(¢) = ke %', so the general
solution of the original equation is

ke ™ + %rz + %r - % + %e'ﬂ".

To find the solution that satisfies the imitial condition y(0) = 0, we evaluate the general solution
at t = 0 and obtain

k+ =0.

=

-+

A=

Hence. & = —5/12.
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25. Since the general solution of the associated homogeneous equation is v;(#) = ke~ and since these
va(t) — 0 ast — 00, we only have to determine the long-term behavior of one solution to the
nonhomogeneous equation. However, that is easier said than done.

Consider the slopes in the slope field for the equation. We rewrite the equation as
% = —2v + b(1).

Using the fact that &£(r) < 2 for all ¢, we observe that dv/dt < 0 if y > 1 and, as y increases beyond

= 1, the slopes become more negative. Similarly, using the fact that &(r) > —1 for all 7, we
obsene that dyv/dt = 0if y < —1/2 and, as v decreases below y = —1/2, the slopes become more
positive. Thus, the graphs of all solutions must approach the strip —1/2 < y < 1 in the ry-plane as
t increases. More precise information about the long-term behavior of solutions is difficult to obtain
without specific knowledge of b(7).

30. Let M(r) be the amount of money left at time 7. Then, we have the initial condition M (0) = $70,000.
Money is being added to the account at a rate of 1.5% and removed from the account at a rate of

$30,000 per year, so
g — 0.015M — 30,000.

To find the general solution, we first compute the general solution of the associated homoge-
neous equation. It is My (r) = k0015t

To find a particular solution of the nonhomogeneous equation, we observe that the equation is
autonomous, and we calculate its equilibrium solution. It is M () = 30,000/.015 = $2,000,000 for
all . (This equilibrium solution 1s what we would have calculated if we had guessed a constant.)

Therefore we have

M(r) = 2,000,000 + k%0157,
Using the initial condition M (0) = 70,000, we have

2,000,000 + £ = 70,000,

so k = —1,930,000 and
M(r) = 2,000,000 — 1,930,000£%-01%

Solving for the value of r when M(t) = 0, we have
2,000,000 — 1,930,000°°% = 0,

which is equivalent to
0015t _ 2,000,000

~1,930,000°
In other words,
0.015¢ = In(1.03627),

which yields r ~ 2.375 years.
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1. We rewrite the equation in the form
(f “ 1_

dr 1

and note that the integrating factor is

() = ef(l,’t)dr — ot

Multiplying both sides by (7)., we obtain

dv
f— 4y =2r.
ar T

Applying the Product Rule to the left-hand side, we see that this equation is the same as

d(ty)
— =72t
dt '

and integrating both sides with respect to 7, we obtain
ry = 2 + c,

where ¢ is an arbitrary constant. The general solution is
I, ¢
}’(f):?(-’ +C):f—|—;.

5. Note that the integrating factor is

1
1427

u(t) = oS (2142 dt _ —n(1+7) _ (em(]+t2])_1 _

Multiplying both sides by (7)., we obtain
1 dy 2t 3

——y

1+2dr (A+22° 142

Applying the Product Rule to the left-hand side, we see that this equation is the same as

rf( ¥ )_ 3
dt \1+¢2) 1412

Integrating both sides with respect to 7, we obtain

).‘
T = Jarctan(r) + ¢,

where ¢ is an arbitrary constant. The general solution is

y(1) = (1 + r*)(3 arctan(r) + ¢).
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7. We rewrite the equation in the form
d}.‘ :"..'
dt 1471

and note that the integrating factor 1s

(1/Q+0)dr _ a4+ _ )

u(r) = ef t.

Multiplying both sides by (7)., we obtain

dT.-
(1+:)d—§+;-:2(1+:).

Applying the Product Rule to the left-hand side, we see that this equation is the same as

d((1 +1)y)

=21
o (1+41),

and integrating both sides with respect to 7, we obtain
(1+1)y=2¢ +1% e,
where ¢ is an arbitrary constant. The general solution is

2424 ¢

) = 14+

To find the solution that satisfies the imtial condition y(0) = 3, we evaluate the general solution
at t = 0 and obtain

c=3.
The desired solution 1s
@) = 24+2t43
YW=—7
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11. Note that the mtegrating factor is

wu(r) = el —@Mmat _ ,—2[(/0dt _ ,—2Mnt _ G~ _ gil
Multiplying both sides by p(7), we obtain
ldv 2y _
?dr 1
Applying the Product Rule to the left-hand side, we see that this equation is the same as
d sv
7 (7)=2

and integrating both sides with respect to 7, we obtain

".‘
=72
P =2t+rc,

where c is an arbitrary constant. The general solution is
v(t) =207 +ef’.

To find the solution that satisfies the initial condition y(—2) = 4, we evaluate the general solu-
tion at r = —2 and obtain

—16+4c =4.

Hence, ¢ = 5. and the desired solution is

v(t) =207 + 5%
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13. We rewrite the equation in the form
dy .
— — (sint)y =4
T (sinr);
and note that the integrating factor 1s

w(t) = el (—sinf)dt _ cost

Multiplying both sides by (7)., we obtain
dv
ecost d_: o ecost(siu”}__ — 48-:051‘_
Applying the Product Rule to the left-hand side, we see that this equation is the same as
(f( £C08 i :‘,)
dt

and integrating both sides with respect to 7, we obtain

cost
= 47,

ecost}, — fd-ecmtdf.

Since the integral on the right-hand side is impossible to express using elementary functions, we
write the general solution as

v(t) :46‘““/6“‘“9’?.
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17. We rewrite the equation in the form

dvy 2
— 4+ e y=cost

dt

and note that the integrating factor is

”(r) — é’f E_Ez df.

This integral i1s impossible to express in terms of elementary functions. Multiplying both sides by

jt(t), we obtain
(ef‘g_!2 ‘ﬁ) jl + (f,ﬂr"’*_r2 "‘”) ey = (ef et "“) cos 1.
" .

Applying the Product Rule to the left-hand side, we see that this equation is the same as

)
= (e—'r"’*_r “”) cost,

dr

and integrating both sides with respect to 7, we obtain

(ef e df) y= f (e-'r""b_r2 df) costdt.

These integrals are also impossible to express in terms of elementary functions, so we write the gen-

eral solution in the form
2 2
(1) = (e‘f"’_: dr) f (ef"_r ‘ﬁ) costdr.
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21. (a) The integrating factor is
w(r) = 4.

Multiplying both sides of the differential equation by p(r) and collecting terms, we obtain

d(€0"4tl})
dt

Integrating both sides with respect to ¢ yields

36%% cos 21

04y :f3ec‘4t-::052rdr.

To calculate the integral on the right-hand side, we must integrate by parts twice.
For the first integration, we pick u1(r) = cos2t and vy(r) = 04 Using the fact that
0.4=2/5,we get

fen'qf cos2tdr = %60'4t cos2t +5 [ % sin 2¢ dr.
For the second integration, we pick 2 () = sin 2r and v2 (1) = 04 We get
feo“” sin2t dt = %enm sin 2t — Sfeﬂ"“ cos 2t dr.
Combining these results yields
f % cos2r dr = % e%* cos 2r + % ¢%H sin2r — 25 f e%* cos 2t dr.

0.4¢

Solving for [ %% cos 2t dr, we have

= 0.4t 0.41 _:
5e”  cos2r 4+ 25" s5in 2t
fenm cos2t dt = = .

To obtain the general solution, we multiply this integral by 3, add the constant of integra-
tion, and solve for v. We obtain the general solution

v(r) = ke 0¥ 4 % cos2r + % sin 21.
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(b) The solution of the associated homogeneous equation is

vy (1) = e 0¥

We guess
vp(f) =acos2t + fsin2s

for the a solution to the nonhomogeneous equation and solve for @ and f. Substituting this
guess into the differential equation, we obtain

—2a sin 2t + 2B cos 2t + 0.4a cos 2t +0.4B8 sin2t = 3 cos 2t.

Collecting sine and cosine terms, we get the system of equations

—2a0+048=0
0da +28=3.
Using the fact that 0.4 = 2/5, we solve this system of equations and obtain

- 15 =L
a=3 and B =z.

The general solution of the original nonhomogeneous equation is

7,04t | 15 . A; 4 TS5 o
v(t) = ke + 55 c0s2i + 3 sin 21.

Both methods require quite a bit of computation. If we use an integrating factor, we must do a
complicated integral, and if we use the guessing technique. we have to be careful with our algebra.
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25. We will use the term “parts™ as shorthand for the product of parts per billion of dioxin and the volume
of water in the tank. Basically this product represents the total amount of dioxin in the tank. The tank
imtially contains 200 gallons at a concentration of 2 parts per billion, which results in 400 parts of
dioxin.

Let v(¢) be the amount of dioxin in the tank at time 7. Since water with 4 parts per billion of
dioxin flows in at the rate of 5 gallons per minute, 20 parts of dioxin enter the tank each minute.
Also, the volume of water in the tank at time ¢ 1s 200 4 2¢, so the concentration of dioxin in the
tank 1s v/(200 + 2¢). Since well-mixed water leaves the tank at the rate of 2 gallons per minute, the
differential equation that represents the change in the amount of dioxin in the tank is

dav v
— =20-2 —m—
dt (200+2r)’

which can be simplified and rewritten as

dy 1
ar (l[}[}+r) )

u(t) = ef(lf(lOD—H))a'.E — e]n(lﬂO—H) — 100 + 7.

The integrating factor is

Multiplying both sides by (7)., we obtain
dy
(100 + .r)d—'lr + v = 20(100 + 1),

which is equivalent to
d((100 4+ 1r)y)

dt
by the Product Rule. Integrating both sides with respect to 7, we obtain

= 20(100 +1)

(100 + 1)y = 2000 + 107> +¢.
Since y(0) = 400, we see that ¢ = 40, 000. Therefore,

o= 1072 + 20007 + 40, 000
Y= 7 + 100

The tank fills up at + = 100, and ¥(100) = 1, 700. To express our answer in terms of concentra-
tion, we calculate v(100)/400 = 4.25 parts per billion.
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