Straight Line

1. (a) The characteristic polynomial is
(B—-M(=2-2) =0,

and therefore the eigenvalues are A; = —2 and A, = 3.
(b) To obtain the eigenvectors (xy, v;) for the eigenvalue L; = —2, we solve the system of equa-
tions

3x1 +2v = —-2xy
—2y1=-2n
and obtain 5x; = —2y;.

Using the same procedure, we see that the eigenvectors (x2, y2) for A» = 3 must satisfy the
equation y, = 0.

(e) ¥
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Straight Line

(d) One eigenvector V; for A is Vi = (=2, 5), and one eigenvector V, for A» is V2 = (1, 0).
Given the eigenvalues and these eigenvectors, we have the two linearly independent solu-

tions
—2t -2 3t 1
Yi(t)=e¢ _ and Yo(r) =€ .
5 0
x ¥
oY 10T
10—+
x(z)
S y® s+
= ¢
,_.—-—-""’;'a—_ 1 A ¥(t)
| . i 13
-5T —1 1
The x(f)- and y(¢)-graphs for Y1(f). The x(r)- and y(¢)-graphs for Ya(r).

(e) The general solution to this linear system is

-2 1
Y(:}:k,e—ﬁf( i )+;c2e3f( )
5 0
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Straight Line

2. (a) The characteristic polynomial is

(=4 —(=3-2)—-2=224+T2+10=0,

and therefore the eigenvalues are Ay = —2 and A» = —5.
(b) To obtain the eigenvectors (x1, v;) for the eigenvalue A; = —2, we solve the system of equa-
tions
—4.1'1 — 2}‘1 = —21‘1
—x1—3n=-2n
and obtain y; = —x3.
Using the same procedure, we obtain the eigenvectors (x7, y2) where xo = 2y, for Ay =
—5.
(e) y
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Straight Line

(d) One eigenvector V; for A1 is V; = (1, —1), and one eigenvector V5 for > is Vo = (2, 1).
Given the eigenvalues and these eigenvectors, we have two linearly independent solutions

Yl(r}:e_zf( i) and Yg(sJ:e—S‘( ? )

The x(¢)- and y(¢)-graphs for Y1 (). The x(t)- and y(t)-graphs for Yo (t).

(e) The general solution to this linear system is

1 2
Y(1) :kle_zt( . )+k2e—5f( : )
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Straight Line

3. (a) The eigenvalues are the roots of the characteristic polynomial, so they are the solutions of

(=5 —A)(=4—2)—2=224+914+18=0.

Therefore, the eigenvalues are A; = —3 and Ap = —6.
(b) To obtain the eigenvectors (x1, v1) for the eigenvalue Ay = —3, we solve the system of equa-
tions
—le — 2}‘1 = —3):1
—x1 —4y1=-3n
and obtain y; = —xj.
Using the same procedure, we obtain the eigenvalues (x2, y2) where xp = 2y» for A = —6.
(e) y

(d) One eigenvector V; for A; = —3is V; = (1, —1), and one eigenvector V, for A = —61is
Vo=(2,1).

Given the eigenvalues and these eigenvectors, we have two linearly independent solutions

Yun:r”( i) and Yg(:)ze—ﬁf( ? )

X,y X, ¥

104

54
x(1)
— |
T v t
—0.5 0.5
y(1) k
y(t) _ } I
T —0.5 0.5
The x(t)- and y(t)-graphs for Y1 (#). the x(#)- and y(#)-graphs for Yo(¢).

(e) The general solution to this linear system is

Y1) =kle—3‘( 1 )—I—kge_m ( f )
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Straight Line

4. (a) The characteristic polynomial is
R-NE -2 +1=22—611+9=0,

and therefore there is only one eigenvalue, A = 3.
(b) To obtain the eigenvectors (xy, y1) for the eigenvalue A = 3, we solve the system of equations

2x1 + v1 =30
—x1 +4y1 =30

and obtain y; = x3.

(e) ¥

(d) One eigenvector V for A is V = (1, 1). Given this eigenvector, we have the solution

Y(:}:e3f( i )

X,y
10t
/ (0. y®)
;4/
_ - _
-1 1

The x(#)- and y(#)-graphs (which are identical) for Y()

(e) Since the method of eigenvalues and eigenvectors does not give us a second solution that is
linearly independent from Y(r), we cannot form the general solution.
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Straight Line

5. (a) The characteristic polynomial is

2
1
(43 =0
and therefore there is only one eigenvalue, A = —1/2.

(b) To obtain the eigenvectors (xy, y1) for the eigenvalue A = —1/2, we solve the system of equa-
tions

1. 1.

—5.1]_ = —5.1]_

. 1., 1.,

Al — 3N =—3M
and obtain x; = 0.

(c)
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Straight Line

(d) Given the eigenvalue A = —1/2 and the eigenvector V = (0, 1), we have the solution

Y(t) = e/ ( ? ) .

y(t)

, x(z)

-1 3

LY

The x(t)- and y(¢)-graphs for Y(z).

(e) Since the method of eigenvalues and eigenvectors does not give us a second solution that is
linearly independent from Y(7), we cannot form the general solution.
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Straight Line

6. (a) The characteristic polynomial is

(5 —A)(—A) —36 =0,

and therefore the eigenvalues are Ay = —4 and A, = 9.
(b) To obtain the eigenvectors (x1, v;) for the eigenvalue A; = —4, we solve the system of equa-
tions

S5x1 4+ 4y = —4x;
9x; = —4n

and obtain 9x; = —4v;.
Using the same procedure, we see that the eigenvectors (12, v2) for Ao = 9 must satisfy the
equation y» = x».
(e) y
3 1
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Straight Line

(d) One eigenvector V; for A1 is V; = (4, —9), and one eigenvector V5 for > is Vo = (1, 1).
Given the eigenvalues and these eigenvectors, we have the two linearly independent solu-

tions
4 1
Yi(t) =¥ and Ya(t) = e .
-9 1
X ¥
B 10+
15
10
x(t)
: = r / x(@),y(1)
—0.5 _5 0.5 /::.-
—10 y(z) P 4
:li — =" | — ¢
715 —0.5 0.5
The x(t)- and y(t)-graphs for Y1(z). The (identical) x(#)- and y(#)-graphs for Yo (¢).

(e) The general solution to this linear system is

4 1
Y(r):kle_4‘( L )+k2e9f( . )
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Straight Line

7. (a) The characteristic polynomial is
B (=A)—4=22_31—-4=(A—-4H(A+1) =0,

and therefore the eigenvalues are .1 = —1 and A2 = 4.
(b) To obtain the eigenvectors (x1, v1) for the eigenvalue Ay = —1, we solve the system of equa-
tions

3x; + 4y = —xy
X1=—)1

and obtain y; = —xj.
Using the same procedure, we obtain the eigenvectors (x2, y2) where xo = 4y, for A, = 4.

4;

(e)

(d) One eigenvector V; for A; is V1 = (1, —1), and one eigenvector V; for A, 1s Vo = (4, 1).
Given the eigenvalues and these eigenvectors, we have two linearly independent solutions

Yl(r):e_f( i) and Yg(:)ze‘"(‘:).

X,y
xo Y 10T

2__
x(t)
—1 2
y(t) y(t)
| 1

T T T |3
—27T 0.5 0.5

The x(¢)- and y(¢)-graphs for Y1(r). The x(#)- and y(¢)-graphs for Yo (r).

(e) The general solution to this linear system is

Y(1) :kle_f( _i )—I—kge‘“ ( i- )
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Straight Line

8. (a) The characteristic polynomial is
C-M1-2)—1=2"-31+1=0,
and therefore the eigenvalues are

3 5 3—
}..1= +2~/_ and JL2= 3

1%

(b) To obtain the eigenvectors (x1, v1) for the eigenvalue Ay = (3 + NG )/2, we solve the system

of equations
3+4/5
21—y = 1
2
3+4/5
X1+ = N
2
and obtain

1-+/5
2
which is equivalent to the equation 2y; = (1 — V3.
Using the same procedure, we obtain the eigenvectors (x2, y2) where 2y, = (1 + V5)as
for o = (3 — /5)/2.
(e) y

M= X1,
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Straight Line

(d) One eigenvector V; for the eigenvalue 4y is V; = (2,1 — v/3), and one eigenvector V; for the
eigenvalue A is Vo = (2,1 +/3).

Given the eigenvalues and these eigenvectors, we have two linearly independent solutions

2 2
Yo (1) = £BHY5)1/2 d Yo(r) = eB—3)1/2 _
o =e (1_¢§) wd R=e 14++5

x, ¥y
x'r_v 5__

T y(t)
x(t)

_—— . x(t)
! t

|
v
1
1
|
ra
(S

The x(t)- and y(¢)-graphs for Yq(#). The x(t)- and y(t)-graphs for Y ().

(e) The general solution to this linear system is

2 2
Y (1) = fr eB+Y5)1/2 iy (3—+5)1/2 _
O =ke 1—4/5 2 1+4/5
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Straight Line

9. (a) The characteristic polynomial is
Q-1 -2)—-1=2*-3141=0,
and therefore the eigenvalues are

3 5 345

(b) To obtain the eigenvectors (x1, v1) for the eigenvalue Ay = (3 + NG )/2, we solve the system

of equations
. 34+4/5
2 +n= 3 X1
_ 3+4/5
M+N=——7"N
and obtain
1445
M =——x,

which is equivalent to the equation 2y; = (-1 + A5 )a1.
Using the same procedure, we obtain the eigenvectors (x5, y2) where 2y, = (-1 — V3)x
for io = 3 — /3)/2.
(e) y
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Straight Line

(d) One eigenvector V; for the eigenvalue A; is V; = (2, -1 + v/3), and one eigenvector V7 for
the eigenvalue A» is Vo = (=2, 1 + V3).

Given the eigenvalues and these eigenvectors, we have two linearly independent solutions

7 -2
Y — B+5)2 = d Yo(r) = B3—V3)/2 _
i =e L1453 ) e Ro=e 14453

X,V
10+ Yy
10+
y(1)
x(r) 54
>T y(t) I } ¢
3 3
4‘_///‘ - _m
= ! i t
-1 1 —10+
The x(¢)- and y(¢)-graphs for Y1 (). The x(t)- and y(t)-graphs for Yo (t).

(e) The general solution to this linear system is

2 —2
Y (1) = jri e CHV2I12 1 e B—YP2 )
0 =he 1445 )T 1++/5
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Straight Line

10. (a) The characteristic polynomial is

(=1 =AN=4 - +2=224514+6=(A+3)(1+2) =0,

and therefore the eigenvalues are Ay = —2 and A» = —3.
(b) To obtain the eigenvectors (x1, v;) for the eigenvalue A; = —2, we solve the system of equa-
tions
—x1 —2y1=-2x
x1 — 4y =-2n

and obtain x1 = 2y1.
Using the same procedure, we obtain the eigenvectors (x2, v2) where xp = yo for Ao = —3.

(e) ¥y
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Straight Line

(d) One eigenvector V; for A1 is Vi = (2, 1), and one eigenvector V> for A is Vo = (1, 1).
Given the eigenvalues and these eigenvectors, we have two linearly independent solutions

Yl(r)ze_Z’( ? ) and Yg(r}=€_3f( 1 )

x, ¥
5—_
x(1), (1) \
; t .
1 \
: “""---.-_.______ _: -
—5 -1 1
The x(t)- and y(t)-graphs for Y (#). The 1dentical) x(¢)- and y(#)-graphs for Yo (t).

(e) The general solution to this linear system is

2 1
Y(1) =kle—2‘( | )+k2e—3‘( | )
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