Laplace Transform solutions

5. To show a rule by induction, we need two steps. First, we need to show the rule is true forn = 1.
Then, we need to show that if the rule holds for n, then it holds forn + 1.

(a) n = 1. We need to show that £[7] = 1/52.
o0
L[] = f te St dr.
0

Using integration by parts with # = 7 and dv = ¢! dr, we find

o oo g—st
+f dt
0 0 5

—st
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Laplace Transform solutions

(b) Now we assume that the rule holds for n, that is, that £["] = n!/s"*!, and show it holds true
for n + 1, that is, £L[t"*1] = (n + 1)!/s" 2. There are two different methods to do so:
()]
0
gf[rn—l—l] — [ IN+1 e—.&'f dr
0

Using integration by parts with # = "1 and dv = ¢~ dt, we find

n+1l _—s5t |00 oo
ety = ¢ +[ ntlin st gy
Now,
i+l g—st |0 g+l p—st b
— = lm [ ——m—
5 0 b—oo 5 0
. _bn-l—l —sb
= lim 2 _° +0
b—oo A}
=0 (s=0).
So
®n+1
£[r”+1] :f LIH e—j‘f dr
0 5
n4+1 [
= - f e di
) 0
n+1
= * L[M].
5

Since we assumed that £[t"] = n!/s"t!, we get that

n+l n!  (m4+1)!

n+ly _ .
LU = o =

which 1s what we wanted to show.

(i) We use the fact that L£[df/dt] = sL[f] — f(0). Letting f(r) = "+ we have f(0) =0

and
LI+ D" = s L[ —0

or
(n+ DL = sL[ ]

using the fact that the Laplace transform is linear. Since we assumed £["] = n!/s" 1, we

have 41 +1 a4
nily M ny N nl (n !
LI = < L] = s entl a2

which 1s what we wanted to show.
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9, We see that

11

13.

2 21
35+5 3 s45/3

L1 2 = Ee_%f.
3s+5 3

S0

. Using the method of partial fractions, we write

4 _é+ B
s(s+3) s s+3

Putting the right-hand side over a common denominator gives A(s + 3) + B(s) = 4, which can be

written as (A + B)s +3A =4. Thus, A+ B =0.and 3A = 4. This gives A =4/3 and B = —4/3.

S0
= 4 _ o1 @_ 4/3
s(s +3) s s4+3|°

P L D . ey
s(s+3) 3 3

Using the method of partial fractions, we have

2s +1 A N B
s—D(s—2) s—1 s-—2

Hence,

Putting the right-hand side over a common denominator gives A(s — 2) + B(s — 1) = 2s + 1, which
can be written as (A + B)s + (—2A - B) =25 + 1. So. A+ B =2,and —2A — B = 1. Thus
A= —3and B = 5, which gives

-1 25"‘1 _ -1 5 o 3
* [{1’"—1)(5—2}:|_0£3 |:S—2 s—l]'

L1 [L] = 5¢% _ 3¢,

Finally,

(s — D —2)
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15. (a) We have
dy T v
o£L [E] = sLy] — ¥(0)

and

Lly + ¢ = LI—y] + £le ] = —LIy] + ——
S ' ' T os+2

using linearity of the Laplace transform and the formula £[¢%'] = 1/(s — a) from the text.
(b) Substituting the initial condition yields

syl =2 = —-L[y]+ L

s+2
so that )
DLy =24+ ——
(s + D)LLy] + )
which gives
1 2 25+ 5

LIyl =

+ = :
s+Ds+2) s+1 GG+Ds+2)
(e) Using the method of partial fractions,

2s+5 A N B
G+DG+2) s+1 s+2°

Putting the right-hand side over a common denominator gives A(s +2) + B(s + 1) = 25 + 5,
which can be written as (A4+B)s+(2A+B) =25+5. Sowehave A+ B =2, and2A+ B = 5.
Thus, A =3 and B = —1. and

3 1
s+1  s+42

LIyl =

Therefore, (1) = 3¢~ — e~ is the desired function.
(d) Since v(0) = 30 — 0 =2, v(r) satisfies the given initial condition. Also,
dv
d_i = 3¢ 4 27
and

—y4e = 3Betpe M p e = 37 427,

so our solution also satisfies the differential equation.
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17. (a) Taking Laplace transforms of both sides of the equation and simplifying gives
dy
L | — TLLy] = L[1
[ o ] + 7L[y] [1]
SO {
sLL]—y(0) + 7Lyl = ~

and v(0) = 3 gives
1
sLlv] =3+ TL[yv] = -.
5

(b) Solving for £L[y] gives
N 1 _ Js+1 _
s+7 s(s+7) s(s+7)
(¢) Using the method of partial fractions, we get
3s+1 A B

s(s+7) s +s+7'

Putting the right-hand side over a common denominator gives A(s + 7) + Bs = 35 + 1, which
can be writtenas (A+ B)s + 7TA=35+1.So A+ B=3,and 7A = 1. Hence, A = 1/7 and
B = 20/7, and we have

L[yl =

£Iv] 1/7+20/T
y] = — )
) s s+ 7

Thus,
0 =24
Y0 =—e 7
(d) To check, we compute

dy 20 1
— 1Ty =-20e "1 7 — "L ) =1
dr+'1' e+ (76 +7) )

and v(0) = 20/7 + 1/7 = 3, so our solution satisfies the initial-value problem.
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23. (a) We have
dy

oL [E] = sL[y] — y(0)

and
)

LI-y + 2] = L[—y] + L[17] = —L[Y] + 5;3

using linearity of the Laplace transform and the formula £[¢*] = n!/s"*! from Exercise 5.
(b) Substituting the initial condition yields

SLYI— 1= —L0] + =
Ay

so that
2/ +1 24 53
1+s5s  s3(s+1)°
(¢) The best way to deal with this problem 1s with partial fractions. We seek constants A, B, C,
and D such that

Lyl =

A B C D _ 247
s sz 53 s+l S+

Multiplying through by s3(s + 1) and equating like terms yields the system of equations

A+ D=1
A+B=0
B+C=0

C=2

Solving simultaneously givesus A =2, 8B = -2, C = 2, and D = —1. Therefore we seek a
function v(#) whose Laplace transform is
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We have £L[e~"] = 1/(s + 1) so that

1

Ll—e = —Lle = -1

Also, using the formula from Exercise 5, we have

umﬁ:%,xmzéuam ﬂu:%

so that
2 ) 2 2 2
L™ —2r + 2] = L[] — 2L[r] + 2L[1] = S-S5 +-
5 5 5

Therefore, y(1) = 2 — 2t +2 — e is the desired function.
(d) Since y(0) =2 — =1, v(t) satisfies the given initial condition. Also,
dy
— =2t—2+4¢"!
dt te
and
—y+2 =424 4P =2r—24¢"

so our solution also satisfies the differential equation.
1. (a) The function g,(r) = 1 precisely when u,(7) = 0, and g,(7) = 0 precisely when u,(r) = 1, so

ga(t) =1 —uqg(2).
(b) We can compute the Laplace transform of g,(#) from the definition

—as e —0s 1

a e
£Ed=flf“&=— Lt
0 5 5 5 5

Alternately, we can use the table

—as

1 e
LIgal = L1 —ua()] = -
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5. First use partial fractions to write

| _ A B
s—D(is—=2) s—1 s-2

Putting the right-hand side over a common denominator yields As —2A + Bs — B = 1 which can be
written as (A + B)s + (—2A — B) = 1. Thus, A+ B =0,and —2A — B = 1. Solving for A and B
yields A= —land B =1,s0

N U
s—D(is—=2) s—1 s-2

Now, as above

€—3s
Lz (1)e* ] = —
s —2
and
—3s5
Lluz()e 3] = —
s—1

and the desired function is
13(r) (6’2(!_3) — e“‘3)) .
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9. Taking the Laplace transform of both sides of the equation, we have

7]
L | = | +9L[v] = L[us(2)],
dt

which is equivalent to
—5s

SLIY] — ¥(0) +9LIy] = -

Since v(0) = —2, we have
—55
LIV 42 + 9L[V] = —,
s

which yields
-2 e
s+9 * s(s +9)

L[yl =

Using the partial fractions decomposition

119 19
s(s+9) s s+9°

2 1fe > 1[fe™*
L[v] = - _Z .
Lv] 5+9+9( s ) 9(5+9)

Taking the inverse of the Laplace transform, we obtain

we see that

1 1
y(6) =27+ gis( — arts(r)e_g(’—ﬂ

1
=2 4+ §H5(I) (1 — 8—9(:—5)) .

To check our answer, we compute

9y =187 Ldus

7 5T (1 - e_g“_s)) + %us (r) (99_9“_5]) ,

and since dus/dt = 0 except at r = 5 (where it is undefined),

dy o0t —0(t—5) —or , 1 —9(t—5)
n + 9y =18e¢™ " +us(t)e +91 -2 + §u5(r] (1 —e )

= 15(1).

Hence, our v(r) satisfies the differential equation except when + = 5. (We cannot expect y(r) to
satisfy the differential equation at 1 = 5 because the differential equation is not continuous there.)
Note that y(r) also satisfies the imtial condition y(0) = —2.
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