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EXERCISES FOR SECTION 3.1

1. Since @ > 0, Paul’s making a profit (x > 0) has a beneficial effect on Paul’s profits in the future
because the ax term makes a positive contribution to dx /dt. However, since b < 0, Bob’s making
a profit (y > 0) hinders Paul’s ability to make profit because the by term contributes negatively to
dx/dt. Roughly speaking, business is good for Paul if his store is profitable and Bob’s is not. In fact,
since dx /dt = x — y, Paul’s profits will increase whenever his store is more profitable than Bob’s.

Even though dx/dt = dy/dt = x — y for this choice of parameters, the interpretation of the
equation is exactly the opposite from Bob’s point of view. Since d < 0, Bob’s future profits are hurt
whenever he is profitable because dy < 0. But Bob’s profits are helped whenever Paul is profitable
since cx > 0. Once again, since dy/dt = x — y, Bob’s profits will increase whenever Paul’s store is
more profitable than his.

Finally, note that both x and y change by identical amounts since dx/dt and dy/dt are always
equal.

2. Since a = 2, Paul’s making a profit (x > 0) has a beneficial effect on Paul’s future profits because
the ax term makes a positive contribution to dx/dt. However, since b = —1, Bob’s making a profit
(y > 0) hinders Paul’s ability to make profit because the by term contributes negatively to dx/dt.
In some sense, Paul’s profitability has twice the impact on his profits as does Bob’s profitability. For
example, Paul’s profits will increase whenever his profits are at least one-half of Bob’s profits since
dx/dt =2x — y.

Since ¢ =d = 0,dy/dt = 0. Consequently, Bob’s profits are not affected by the profitability of
either store, and hence his profits are constant in this model.

3.Since @ = 1 and b = 0, we have dx/dt = x. Hence, if Paul is making a profit (x > 0), then those
profits will increase since dx /dt is positive. However, Bob’s profits have no effect on Paul’s profits.
(Note that dx /dt = x is the standard exponential growth model.)
Since ¢ = 2 and d = 1, profits from both stores have a positive effect on Bob’s profits. In some
sense, Paul’s profits have twice the impact of Bob’s profits on dy/dt.

4. Since a = —1 and b = 2, Paul’s making a profit has a negative effect on his future profits. However,
if Bob makes a profit, then Paul’s profits benefit. Moreover, Bob’s profitability has twice the impact
as does Paul’s. In fact, since dx/dt = —x + 2y, Paul’s profits will increase if —x 4+ 2y > 0 or, in
other words, if Bob’s profits are at least one-half of Paul’s profits.

Since ¢ = 2 and d = —1, Bob is in the same situation as Paul. His profits contribute negatively
to dy/dt since d = —1. However, Paul’s profitability has twice the positive effect.

Note that this model is symmetric in the sense that both Paul and Bob perceive each others profits
in the same way. This symmetry comes from the fact thata = d and b = c.
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14. (a) Ifa = 0, then det A = ad — bc = bc. Thus both b and ¢ are nonzero if det A # 0.
(b) Equilibrium points (xo, yo) are solutions of the simultaneous system of linear equations
axo + byo=0
cxo +dyy =0.

If @ = 0, the first equation reduces to byg = 0, and since b # 0, yo = 0. In this case, the
second equation reduces to cxg = 0, so xo = 0 as well. Therefore, (xg, yo) = (0, 0) is the only
equilibrium point for the system.

15. The vector field at a point (xq, yo) is (axo+byo, cxo+dyo), so in order for a point to be an equilibrium
point, it must be a solution to the system of simultaneous linear equations

axo + by =0
cxo +dyo=0.

If a # 0, we know that the first equation is satisfied if and only if
b
X0 = ——)o-
a

Now we see that any point that lies on this line xo = (—b/a)yo also satisfies the second linear
equation cxg + dyo = 0. In fact, if we substitute a point of this form into the second component of
the vector field, we have

b
cxo+dyo=c¢ (_E> Yo + dyo
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since we are assuming that det A = 0. Hence, the line xo = (—b/a)yq consists entirely of equilib-
rium points.

If a = 0 and b # 0, then the determinant condition det A = ad — bc = 0 implies that ¢ = 0.
Consequently, the vector field at the point (xo, yo) is (byo, dyo). Since b # 0, we see that we get
equilibrium points if and only if yo = 0. In other words, the set of equilibrium points is exactly the
X-axis.

Finally, if @ = b = 0, then the vector field at the point (xg, yo) is (0, cxo + dyp). In this case,
we see that a point (xg, yo) is an equilibrium point if and only if cxg 4+ dyy = 0. Since at least one of
c or d is nonzero, the set of points (xp, yo) that satisfy cxo + dyg = 0 is precisely a line through the

origin.
16. (a) Letv = dy/dt. Then dv/dt = d*y/dt*> = —qy — p(dy/dt) = —qy — pv. Thus we obtain the
system
dy
o=
dv
S =T Py
In matrix form, this system is written as
dy
dr | _ 0o 1 y
dv |\ —q —p J\ v )
dr

(b) The determinant of this matrix is ¢g. Hence, if ¢ # 0, we know that the only equilibrium point
is the origin.
(c) If y is constant, then v = dy/dt is identically zero. Hence, dv/dt = 0.
Also, the system reduces to

dy
dr | _ 0 1 y
dv —q —-p J\0)
dt
which implies that dv/dt = —qy.
Combining these two observations, we obtain dv/dt = —qy = 0, and if ¢ # 0, then

y=0.

17. The first-order system corresponding to this equation is

dy
A
dt
dv
— = —qy — pv.
di qy —p
(a) If g = 0, then the system becomes
dy .
dr
dv
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and the equilibrium points are the solutions of the system of equations
v=20
—pv=0.

Thus, the point (y, v) is an equilibrium point if and only if v = 0. In other words, the set of all
equilibria agrees with the horizontal axis in the yv-plane.

(b) If p = g = 0, then the system becomes

dy
_:v
dt
dv
_=0
dt

but the equilibrium points are again the points with v = 0.

18. In this case, dv/dt = d*y/dt*> = 0, and the first-order system reduces to

dy
— =
dt
d
@ _)H
dt

(a) Since dv/dt = 0, we know that v(z) = ¢ for some constant c.

(b) Since dy/dt = v = c, we can integrate to obtain y(f) = ct + k where k is another arbi-
trary constant. Hence, the general solution of the system consists of all functions of the form
(y(?),v(t)) = (ct + k, c) for arbitrary constants ¢ and k.

(c) y
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19. Letting v = dy/dt and w = d*y/dt* we can write this equation as the system

dy

E:v
dv_dzy_
At~ di?
dw_d3y
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In matrix notation, this system is

dy
— =AY
dt
where
0 1 0
Y=| v and A= 0 0 1
w -r —q —p
If there are more than the usual number of buyers, then b > 0. If this level of buying means that

prices will increase and that fewer buyers will enter the market, then the effect on db/dt should be
negative. Since db/dt = ab + Bs, we expect that the ab-term will be negative if b > 0. Conse-
quently, o should be negative.

If there are fewer than the usual number of buyers, then b < 0. If this level of b has a negative effect
on the number of sellers, we expect the yb-term in ds/dt to be negative. If yb < 0 and b < 0, then
we must have y > 0.

If s > 0, there are more than the usual number of houses for sale and house prices should decline.
Declining prices should have a positive effect on the number of buyers and a negative effect on the
number of sellers. Since db/dt = ab + Bs, we expect the Bs-term to be positive. Since fs > 0 if
s > 0, the parameter 8 should be positive.

In the model, ds/dt = yb + és. If s > 0, then the number of sellers is greater than usual and house
prices should decline. Since declining prices should have a negative effect on the number of sellers,
we expect the §s-term to be negative. If §s < 0 when s > 0, we should have § < 0.

(a) Substituting Y (7) in the left-hand side of the differential equation yields

Y, [ 0
dt h e! '

Moreover, the right-hand side becomes

()= 1)(2)

Since the two sides of the differential equation agree, Y(¢) is a solution.
Similarly, if we substitute Y, (#) in the left-hand side of the differential equation, we get

dY, [ 2¢*
dt - 2 eZt :
Moreover, the right-hand side is

20 e n=(2" e
11 ) 2 T el
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262t
= eZt 4 62’
2eZZ
= 2e2t :

Since the two sides of the differential equation also agree for this function, Y, (#) is another
solution.

(b) Att = 0,Y(0) = (—2, —1). By the Linearity Principle, any linear combination of two solu-
tions is also a solution. Hence, we solve the given initial-value problem with a function of the
form k1Y () + k2 Y2 (¢) where ki and k» are constants determined by the initial value. That is,
we determine k and k; via

-2
k1Y1(0) +k2Y2(0) = Y(0) = < ) ) :

2(5)(1)-(5)

This vector equation is equivalent to the simultaneous linear equations

We get

ky=-2
ki +ky=—1.
From the first equation, we have k; = —2. Then from the second equation, we obtain k; = 1.

Therefore, the solution to the initial-value problem is

Y(@) =Yi() —2Y2()
0 eZt
= ol -2 o2t
_2621
- ( el —2e% |7

Note that (as always) we can check our calculations directly. By direct evaluation, we know
that Y(0) = (—2, —1). Moreover, we can check that Y () satisfies the differential equation. The
left-hand side of the differential equation is

dY [ —4e*
dt ~ \ e —4e2 |’

and the right-hand side of the differential equation is

2 0 o= (20 —2¢*
11 B! el — 42
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—4e%
- el —4e% |’

Since the left-hand side and the right-hand side agree, the function Y(#) is a solution to the
differential equation, and since it assumes the given initial value, this function is the desired
solution to the initial-value problem. The Uniqueness Theorem says that this function is the
only solution to the initial-value problem.

25. (a) Note that substituting Y (¢) into the left-hand side of the differential equation, we get

dyY _ e 4+ 2te?
dt | —e¥ —2(t + 1)e

B e2t + 2t€2t
o\ =362 — 20 ]

Substituting Y (#) into the right-hand side, we get
1 -1 te? [ e+ D
1 3 —(t+De2 |\ e =3t + e

B eZl 42t eZt

o\ =3 — 216 )
Since the left-hand side of the differential equation equals the right-hand side, the function Y (¢)
is a solution.

(b) Att = 0,Y(0) = (0, —1). By the Linearity Principle, any constant multiple of the solution
Y (¢) is also a solution. Since the function —2Y (¢) has the desired initial condition, we know

that
Y (1) —2re*
S\ Q4 2)e

is the desired solution. By the Uniqueness Theorem, this is the only solution with this initial
condition. (Given the formula for —2Y(¢) directly above, note that we can directly check our
assertion that this function solves the initial-value problem without appealing to the Linearity
Principle.)

26. (a) Substitute Y (¢) into the differential equation and compare the left-hand side to the right-hand
side. On the left-hand side, we have

dY, [ =3¢
dr _3¢73t ]

and on the right-hand side, we have

2 ] ef3t _2ef3t _ ef3t _3ef3t
AY1(0) = 2 -5 e ) TN\ e msey ) T\ 303 )
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Since the two sides agree, we know that Y () is a solution.

For Y, (),
dY, [ —4e™¥
dt - _86741 ’

-2 -1 e —2e™H — 2™ —4e~H
A= s g )T aew _joew )T\ g )

Since the two sides agree, the function Y,(¢) is also a solution.
Both Y () and Y2(#) are solutions, and we proceed to the next part of the exercise.

(b) Note that Y1(0) = (1, 1) and Y2(0) = (1, 2). These vectors are not on the same line through
the origin, so the initial conditions are linearly independent. If the initial conditions are linearly
independent, then the solutions must also be linearly independent. Since the two solutions are
linearly independent, we proceed to part (c) of the exercise.

(¢) We must find constants £ and k; such that

1 1 2
k1Y1(0)+k2Y2(0)=k1< | >+k2< 5 ) = ( ; )

In other words, the constants k; and k> must satisfy the simultaneous system of linear equations

and

ki +ky=2
ki + 2k, = 3.

It follows that k1 = 1 and k> = 1. Hence, the required solution is

—3t —4¢
Y1(1)+Y2(t)=< ¢ e )

e—3t + 26‘_4t

27. (a) Substitute Y (¢) into the differential equation and compare the left-hand side to the right-hand
side. On the left-hand side, we have

dY, [ =3¢ +8e¥
dt — \ =3¢ 164 |’

and on the right-hand side, we have

-2 -1 e 3 —2e™H —3e73 4 8e™H
AY (1) = =3t —4t = =3t —4t ’
2 =5 el —4e —3e77 + 16¢

Since the two sides agree, we know that Y (#) is a solution.

For Y, (1),
dYs —6e 3 — 4eH
dt —6e 3t — g~ ’
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Ao = 2 ! 207 +e—4t \ [ —6e7 —deH
PUTN 2 s 2ot )T\ —ee g )
Since the two sides agree, the function Y,(¢) is also a solution.
Both Y () and Y2(#) are solutions, and we proceed to the next part of the exercise.

(b) Note that Y{(0) = (—1,—3) and Y2(0) = (3,4). These vectors are not on the same line
through the origin, so the initial conditions are linearly independent. If the initial conditions
are linearly independent, then the solutions must also be linearly independent. Since the two
solutions are linearly independent, we proceed to part (c) of the exercise.

(¢) We must find constants £ and k; such that

k1Y 1(0) + ko Y2(0) = k - Tk )2
1X] 217 = K] _3 2 4 = 3 .

In other words, the constants k; and k, must satisfy the simultaneous system of linear equations

and

—k1 +3ky =2
—3ky + 4k = 3.

It follows that k; = —1/5 and kp = 3/5. Hence, the required solution is

lY O+ 3Y ) = e feH
501 52T e e )

28. (a) First we substitute Y (¢) into the differential equation. The left-hand side becomes
dY, _ g | o8 3t Lo —3sin 3t
dt sin 3¢ 3 cos 3t
_o; [ —2co0s3t —3sin3t
= e ,
3cos3t — 2sin 3t
and the right-hand side is
-2 =3 _o; [ —2co0s3t —3sin3t
AY (1) = Yi(1)=e ) .
3 =2 3cos3t — 2sin3t

Since the two sides of the differential equation agree, the function Y (#) is a solution.
Using Y»(7), we have

dYs _ ok — sin 3¢ 4o -3 c?s 3t
dt cos 3t —3sin 3t

oy 2sin 3t — 3 cos 3t
= e B
—3sin3t — 2cos 3¢t
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AY> (1) -2 =3 Ya (1) oy 2sin 3¢t — 3 cos 3t
= = e .
: 3 2 )7 ~3sin3r — 2 cos 3¢
The two sides of the differential equation agree. Hence, Y, (#) is also a solution.
Since both Y (#) and Y, (#) are solutions, we proceed to part (b).

(b) Note that Y1(0) = (1, 0) and Y2(0) = (0, 1), and these vectors are not on the same line through

the origin. Hence, Y{(¢) and Y, (#) are linearly independent, and we proceed to part (c) of the
exercise.

and

(¢) To find the solution with the initial condition Y(0) = (2, 3), we must find constants k| and k»
so that

2
k1Y1(0) + k2 Y2(0) = < 3 ) .

We have k; = 2 and k, = 3, and the solution with initial condition (2, 3) is

Y(r) = 2 2cos 3t — 3sin 3t
= e .
2sin 3t + 3 cos 3t

29. (a) First, we check to see if Y (¢) is a solution. The left-hand side of the differential equation is

dY; [ e +36e*
di — \ —e "4 126% )’
and the right-hand side is

2 3 —e 4 12e% e 13663
AY (1) = = .
1 0 e~ + 4¢3 —e ! 41267
Consequently, Y1 (¢) is a solution. However,
dyY, _ e”!
dt — \ —2¢71 )’
2 3 —e! 4e!
AY t == = .

Consequently, the function Y(¢) is not a solution. In this case, we are not able to solve the
given initial-value problem, so we stop here.

and

30. (a) This holds in all dimensions. In two dimensions the computation is

w=(0)(1)
()
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[ akx +bky
o\ ckx + dky
b
k[ T ) —av.
cx +dy

(b) To verify the first half of the Linearity Principle, we suppose that Y| () = (x1(¢), y1(¢)) is a
solution to the system

dx
-~ b
ar ax + by
d
d—);zcx—i—dy

and that k is an any constant. In order to verify that the function Y,>(¢) = kY (¢) is also a
solution, we need to substitute Y»(¢) into both sides of the differential equation and check for
equality. In other words, after we write Y, (¢) in scalar notation as Y2 (¢) = (x2(t), y2(2)), we
must show that

% =axy + by

% =cx2+dy
given that we know that

% =ax + by,

% =cx1 +dy.

Since x3(t) = kx1(t) and y,(¢) = ky;(¢), we can multiply both sides of

dx

d_tl =axy + by,
% =cx1 +dy.
by & to obtain
k % =k(ax; + byy)
k % =k(cx; +dyy).

However, using standard algebraic properties and the rules of differentiation, this system is
equivalent to

d(kxy)
dt

d(ky1)
dt

=a(kxy) + bkyr)

= c(kxy) +d(kyy),
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which is the same as the desired equality
dXQ

— =axo+b

dr 2 2

d

% =cx3 +dy.

To verify the second half of the Linearity Principle, we suppose that Y (¢) = (x1(¢), y1(¢))
and Y2 (7) = (x2(2), y2(¢)) are solutions to the system

b
— =ax

di Y
dy

— = dy.
ar cx +dy

To verify that the function Y3 () = Y (¢) + Y2(¢) is also a solution, we need to substitute Y3(#)
into both sides of the differential equation and check for equality. In other words, after we write
Y;(?) in scalar notation as Y3(¢) = (x3(¢), y3(¢)), we must show that
dxs
s A b
g; a6 +0y3
dy3
ZF d
TR +dy3

given that we know that
dx1
— =ax;+b
di 1 V1
d
itl =cx; + dyl
and
dxy
A b
g 4w +by2
y2
— = dy;.
T +dy>
Adding the two given systems together yields the system
d d
% + % =axy + by, +axy + by,
dyr dy

Z+W=cm+dy1+cm+dyz,

which can be rewritten as

d(x1 + x2)
dt

d(y1 + y2)
dt

But this last system of equalities is the desired equality that indicates that Y3(7) is also a solu-
tion.

=a(x; +x2) +b(y1 + y2)

=c(x1 +x2) +d(y1 + y2).
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31. (a) If (x1, y1) = (0,0), then (xq, y;) and (x7, y2) are on the same line through the origin because
(x1, y1) is the origin. So (x1, y1) and (x2, y2) are linearly dependent.

(b) If (x1, y1) = A(x2, y2) for some A, then (x1, y;) and (x2, y») are on the same line through the
origin. To see why, suppose that xo # 0 and A # 0. (The A = 0 case was handled in part (a)
above.) In this case, x; # 0 as well. Then the slope of the line through the origin and (x1, y1)
is y1/x1, and the slope of the line through the origin and (x>, y2) is y»/x2. However, because
(x1, y1) = Alx2, y2), we have

n_he_»n

X1 Ax2  xa
Since these two lines have the same slope and both contain the origin, they are the same line.
(The special case where x, = 0 reduces to considering vertical lines through the origin.)

(©) If x;y2 — x2y1 = 0, then x;y; = x2y;. Once again, this condition implies that (x{, y;) and
(x2, y2) are on the same line through the origin. For example, suppose that x| # 0, then

X2)1 X2
V=—=-
X1 X1
But we already know that
X2
X2 = —X1,
X1

so we have
X2
(x2, y2) = —(x1, y1)-
X1

By part (b) above (where A = x»/x1), the two vectors are linearly dependent.

If x; = 0 but y; # 0, it follows that x,y; = 0, and thus x, = 0. Thus, both (x1, y;) and
(x2, y») are on the vertical line through the origin.

Finally, if x; = 0 and y; = 0, we can use part (a) to show that the two vectors are linearly
dependent.

32. If x1y» — x2y; is nonzero, then x1y, # x2y;. If both x; # 0 and x, # 0, we can divide both sides by
Xx1x2, and we obtain
Y2 Y1
2
X2 X1
and therefore, the slope of the line through the origin and (x>, y») is not the same as the slope of the
line through the origin and (x1, y1).
If x; = 0, then xp # 0. In this case, the line through the origin and (x;, y;) is vertical, and the
line through the origin and (x3, y2) is not vertical.

33. The initial position of Y (¢) is Y{(0) = (—1, 1). By the Linearity Principle, we know that kY (¢) is
also a solution of the system for any constant k. Hence, for any initial condition of the form (—k, k),
the solution is kY (7).
(a) The curve 2Y;(¢t) = (—2e™ ", 2e™") is the solution with this initial condition.
(b) We cannot find the solution for this initial condition using only Y (¢).

(¢) The constant function 0Y(#) = (0, 0) (represented by the equilibrium point at the origin) is the
solution with this initial condition.

(d) The curve —3Y(¢) = (3e™!, —3e™") is the solution with this initial condition.
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34. (@) IfY(®t) = (r,1%/2), then x(t) = ¢ and y(r) = t>/2. Then dx/dt = 1,and dy/dt =t = x. So
Y (¢) satisfies the differential equation.
(b) For 2Y(¢), we have x(t) = 2¢,and y(t) = t2. In this case, we need only consider dx/dt = 2 to
see that the function is not a solution to the system.

35. (a) Using the Product Rule we compute

dwW  dx n dy, dx» dyi
—_— = — X|— — — Y1 —x2—.
dt dty2 ldt dtyl 2dt

(b) Since (x1(z), y1(¢)) and (x2(t), ¥2(t)) are solutions, we know that

dx1
R b
I axy + byi
d
Lt] =cx1 +dy
and that
de
— =axo+5b
di 2 Y2
dy>
—= =cxy +dy.
di 2 y2
Substituting these equations into the expression for d W /dt, we obtain
aw
e (axi +by)y2 + xi(cx2 + dy2) — (axz + by2)y1 — xa(cxy +dyi).
After we collect terms, we have
W @raw
— = (a .
dt

(c¢) This equation is a homogeneous, linear, first-order equation (as such it is also separable—see
Sections 1.1, 1.2, and 1.8). Therefore, we know that the general solution is

W(t) = Celetdt

where C is any constant (but note that C = W (0)).

(d) From Exercises 31 and 32, we know that Y (7) and Y,(#) are linearly independent if and only
if W(t) # 0. But, W(r) = Ce@tdt 5o W(r) = 0 if and only if C = W(0) = 0. Hence,
W (t) = 0 1is zero for some ¢ if and only if C = W(0) = 0.

EXERCISES FOR SECTION 3.2

1. (a) The characteristic polynomial is
B=M(=2-2)=0,

and therefore the eigenvalues are A = —2 and A, = 3.



