MAT 2 -110 Great Mathematical Ideas

Exam 1 October 12, 2016 '
22 lutipn

NAME

This exam is closed book, closed notes, calculators are allowed but no other devices. 80 pts. possible.

1.
True

2Pty each) True or false? Circle one.
@ a. Dynamical systems given by linear functions can exhibit chaotic behavior.

False b. The Newtonian universe is one of cause and effect.
True ¢. Modern computers have capabilities equal to Laplace’s Demon.

@ False d. A function can only have one output for each input.

2.

a.

(2 pts. each) Fill in the blanks.
A function whose rule involves an element of chance is called

Qtochastic

Another word for initial condition of an iterate is a(n) S aec( . Another word
for orbit of an initial condition is a(n) __ [ Hvex quj

The phenomeno&of sensitixzc{l;pendence on initial conditions (SDIC) is more colloquially

uttex fect

known as the

A stable fixed point is also known as a(n) q TWDLCW

(5 pts. ) a. Let f(x) = 0.5 x + 4. What are the first 3 iterates of the seed xo=4?
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b. Let g(x) = x2 — 2. What are the first 3 iterates of the seed xo = 2?
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4. (8 pts.) a. Given the function g(x) =2 x (1 - x), use algebra to find a fixed point of g(x). Show

your work. j (K&-): x’f‘

X
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b. What kind of ph‘ysical system does this function model?
Log ishe populatim ﬂY?IUjH/\ : i , \
Populatum q autn e lere (¢ a caxging &#M?

5. (3 pts. each)
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a. The dynamics of a function is described by the phase line shown above. There are three fixed
points. Describe the fixed points' stability.
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b. For an iterated function described by the above phase line, what is the long-term behavior of

the seed 3? U\(b'[‘e ﬁljﬁg ’fD g



6. (4 pts.) a. Give the 4 condition for a dynamic system to be chaotic:
i Detenmm stC
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b. (4 pts.) Analyze each of the four factors above for the iterative function system given by
f(x) = 2x. Is it chaotic?
\
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c. (4pts.) In class, I made pink colored playdoh by introducing a few drops of red food coloring
in one spot and proceeded as you remember. Analyze each of the four factors of chaos above
for this physical system. Is it chaotic?

L. i i oatemm i stic : streteh fold vepend
() e aemcrel(c L evoy spot inkbe plagolal
e EEVE?(;( be cauce of Jhe fold-

Q) e b
ti/}j/l'k& loc clarts b £ endlc ap,,Qv( <o COIC

T < O',(AO’,/[C .



7. (6 pts.) The bifurcation diagram for an iterated function (not the logistic equation) is shown in
the figure below:
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a. Circle the statement that best describes the long-term behavior of orbits of this dynamical
system if 1=1.0?

The orbit approaches zero

The orbit approaches a fixed point near x = 1.

e The orbit approaches a fixed point near x =1.3.

o The orbit is periodic with period 2

e The orbit appears to be aperiodic.

b. Circle the statement that best describes the long-term behavior of orbits of this dynamical
system if r=1.5?
¢ The orbit approaches zero
o The orbit approaches a fixed point near x= 1.
o The orbit approaches a fixed point near x =1.3.
@ The orbit is periodic with period two.
¢ The orbit appears to be aperiodic.

c. Circle the statement that best describes the long-term behavior of orbits of this dynamical
system if r=1.9?

e The orbit approaches zero.

e The orbit approaches a fixed point at x = 1.

o The orbit approaches a fixed point near x = 1.3.

o The orbit is periodic with period two.
The orbit appears to be aperiodic.



8. (3 pts.) In the table below are the first 7 iterates of a function with two different initial
conditions. Do you think this function exhibits SDIC? Justify your answer.

t [xt |yt X«~ 4t sAart
0 |o60 [061 | =, 0l e, Ponds M i

1 [091 [090 .ol clok€ (dist o) wgR
2 |030 [033 -,03 + (o(l ot &33

3 |os1 |osa | -—.03 afav

4 059 |051 08

5 0.29 |0.18 , 01

6 079 |056 a3

’

9. (7 pts.) Suppose we analyze a dynamical system that exhibits a period doubling route to chaos.
This dynamical system undergoes a bifurcation from period one to period two at r=7. The
system undergoes a bifurcation from period two to period four at r=9, and there is a
bifurcation from period four to period eight at r=9.43.

a. Calculate A1, A2, and 61 as we did in class to estimate the Feigenbaum constant.

A= F7=3
Ay= 439> ¢S
§5 ZE desl

b. Why is the Felgenbaum constant con51dered ‘universal” in the way that = is universal?
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c. Name a physical system that exhibits a period doubhng route to chaos.

Dokt pendulum,  cfngpiq ucst
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10. (6 pts.) Identify and classify the fixed point(s) of the function given by the curved line below:

|

00 01 0.2

D ouwn S‘\’Q\OL‘L
o 65 stible

11. (8 pts.) Below is the graph of the function f(x) = -x + 3 together with the line y = x. Use

graphical iteration to produce 4 iterates with initial condition x0 = .5. To the right, make a time

series graph of your iterates. Describe the type of stability exhibited by the fixed point for this
function. 25




